Introduction
Let {P n (x)} be the famous Legendre polynomials given by
where [x] is the greatest integer not exceeding x. It is known that P 0 (x) = 1, P 1 (x) = x, (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x) (n ≥ 1).
For s > 1 let ζ(s) = ∞ n=1 1 n s . In 1979, in order to prove ζ(2) and ζ(3) are irrational, Apéry [Ap] introduced the Apéry numbers {A n } and {A ′ n } given by
It is well known that (see [Be2] ) (n + 1) 3 A n+1 = (2n + 1)(17n(n + 1) + 5)A n − n 3 A n−1 (n ≥ 1), (n + 1) 2 A ′ n+1 = (11n(n + 1) + 3)A ′ n + A ′ n−1 (n ≥ 1).
Let Z and Z + be the set of integers and the set of positive integers, respectively. Let p > 3 be a prime, and let n, r ∈ Z + . In 1982 Gessel [G] showed that A pn ≡ A n (mod p 3 ). In 1985 Beukers [Be1] proved that A np r −1 ≡ A np r−1 −1 (mod p 3r ). In 2000 Ahlgren and Ono [AO] proved Beukers' conjecture A(
2 ) ≡ a(p) (mod p 2 ), where a(n) is given by q ∞ n=1 (1 − q 2n ) 4 (1 − q 4n ) 4 = ∞ n=1 a(n)q n (|q| < 1).
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The first kind Apéry-like numbers {u n } satisfy (1.1) u 0 = 1, u 1 = b, (n + 1) 3 u n+1 = (2n + 1)(an(n + 1) + b)u n − cn 3 u n−1 (n ≥ 1), where a, b, c ∈ Z and c = 0. Let
Then {A n }, {D n }, {b n } and {T n } are first kind Apéry-like numbers with (a, b, c) = (17, 5, 1), (10, 4, 64) , (−7, −3, 81) , (12, 4, 16) , respectively. The numbers {D n } are called Domb numbers, and {b n } are called Almkvist-Zudilin numbers. For {A n }, {D n }, {b n } and {T n } see A005259, A002825, A125143, A290575 in Sloane's database "The On-Line Encyclopedia of Integer Sequences". In [Z] Zagier studied the second kind Apéry-like numbers {u n } given by (1.2) u 0 = 1, u 1 = b and (n + 1) 2 u n+1 = (an(n + 1) + b)u n − cn 2 u n−1 (n ≥ 1), where a, b, c ∈ Z and c = 0. See [CTYZ] and [Z] . Let In [Z] Zagier stated that {A ′ n }, {f n }, {S n }, {a n }, {Q n } and {W n } are second kind Apéry-like sequences with (a, b, c) = (11, 3, −1), (7, 2, −8), (12, 4, 32) , (10, 3, 9) , (−17, −6, 72) , (−9, −3, 27) respectively. The sequence {f n } is called Franel numbers since Franel [F] introduced it in 1894. In [S10] , [S12] and [JS] the author systematically investigated identities and congruences for sums involving f n or S n . See also Z.W. Sun's papers [Su4, Su5] on Franel numbers. For {A ′ n }, {f n }, {S n }, {a n }, {Q n } and {W n } see A005258, A000172, A053175, A002893, A093388 and A291898 in Sloane's database "The On-Line Encyclopedia of Integer Sequences".
Apéry-like numbers have fascinating properties and they are concerned with modular forms, hypergeometric series, elliptic curves, series for 1 π , supercongruences, binary quadratic forms, combinatorial identities, Bernoulli numbers and Euler numbers. See typical papers [A] , [AT] , [CCS] , [CTYZ] , [CZ] , [MS] , [OSS] , [SB] , [S9] , [Su2] and [Su6] .
For a ∈ Z and given positive odd number m let ( a m ) be the Jacobi symbol. For a prime p let Z p be the set of rational numbers whose denominator is not divisible by p. Let H n = n k=1 1 k and q p (a) = a p−1 −1 p . For positive integers a, b and n, if n = ax 2 + by 2 for some integers x and y, we briefly write that n = ax 2 + by 2 . The Bernoulli numbers {B n }, Euler numbers {E n } and the sequence {U n } are defined by B 0 = 1, n−1 k=0 n k B n = 0 (n ≥ 2),
n 2k E n−2k (n ≥ 1),
n 2k U n−2k (n ≥ 1).
For congruences involving B n , E n and U n see [S1,S3,S5] . Following the method in [JV] , in Section 2 we show that for any odd prime p with p ∤ c and n = 0, 1, 2, . . . , p − 1,
where {u n } satisfies (1.3) u 0 = 1, u 1 = b(0) and (n + 1) r u n+1 = b(n)u n − cn r u n−1 (n ≥ 1), r ∈ Z + , c ∈ Z, c = 0, and b(n) is a polynomial of n with integral coefficients and the property b(−1 − n) = (−1) r b(n). For the previous 10 Apéry-like numbers we conjecture that u p−1 ≡ ±c p−1 (mod p 2 ). For the six sequences {A ′ n }, {f n }, {S n }, {a n }, {Q n } and {W n }, we conjecture that We also make conjectures on u p−1 2 (mod p 2 ) and u p 2 −1 2 (mod p 3 ). In [Su6] and [S4] the author's brother Zhi-Wei Sun and the author posed many conjectures on congruences for
, where p is an odd prime with p ∤ m. Some of such conjectures were proved by the author in [S6-S8] . In particular, most of conjectures were solved when the modulus is p.
In 2016 Long and Ramakrishna established the congruence for
in terms of p−adic gamma functions. See [LR] and [T2] . Recently Liu [Li] conjectured congruences for
in terms of p−adic gamma functions. The corresponding congruences modulo p 2 were conjectured by Rodriguez-Villegas in 2003, and solved by Mortenson [M] and Z.W. Sun [Su3] . In Section 2 of this paper we establish many conjectures for sums in (1.4) modulo p 3 . For example, for any primes p = 2, 7 we conjecture that
, 4 (mod 7) and so p = x 2 + 7y 2 ,
When the modulus is p 2 , this congruence was conjectured by Z.W. Sun, and proved by the author in [S6] . See also [KLMSY] . For Apéry numbers A n and Domb numbers D n , Z.W. Sun [Su2, Su6] conjectured congruences for p−1 n=0 A n and p−1 n=0 D n modulo p 2 , where p > 3 is a prime. In Section 2 we form conjectures on
In Section 3 we prove that for any odd prime p and x ∈ Z p with (1 − 8x + 32x 2 )(1 − 32x 2 ) ≡ 0 (mod p),
which is the p-analogue of the following identity in [CTYZ] :
For any prime p > 3 we also show that for x ∈ Z p with x 2 + 1 ≡ 0 (mod p),
In Section 4 we find new expressions for T n , and show that for any prime p = 2, 3, 7,
In Section 5 we investigate the properties of W n . From [CTYZ] we know that
Suppose that p > 3 is a prime and x ∈ Z p with x + 3 ≡ 0 (mod p). We show that (1.8)
and for n ∈ Z p with n(n − 12) ≡ 0 (mod p),
n 3k (mod p).
As consequences, we determine −5292, −972, −108, −44, −27, 8, 54, 243 . We also prove the p−analogue of (1.7):
(1.10)
where x ∈ Z p and (x + 3)(1 + 9x + 27x 2 )(1 + 9x)(1 + 27x 2 )(1 − 27x 2 ) ≡ 0 (mod p). In addition, we determine W p−1 2 and p−1 k=0
General congruences and conjectures for Apéry-like numbers
Theorem 2.1. Suppose r ∈ Z + and c ∈ Z with c = 0. Let b(n) be the polynomial of n with integral coefficients and the property b(−1 − n) = (−1) r b(n) for any n ∈ Z. Define the sequence {u n } by
Suppose that p is an odd prime with p ∤ c and u p ∈ Z p . Then for n = 0, 1, 2, . . . , p − 1 we have
In particular,
Proof. Replacing n with p − 1 − n in (2.1) we see that for n = 0, 1, . . . , p − 1,
Multiplying c n on both sides we get
Proof. By Theorem 2.1, we only need to prove the congruence for W n and Q n . Since
, using a congruence in [M] or [S7] we deduce that
Recall that (n + 1) 2 W n+1 = (−9n(n + 1) − 3)W n − 27n 2 W n−1 (n ≥ 1). Now applying Theorem 2.1 yields the result for W n . Using [S12, Lemma 2.4] we see that
Recall that (n + 1) 2 Q n+1 = (−17n(n + 1) − 6)Q n − 72n 2 Q n−1 (n ≥ 1). Applying Theorem 2.1 yields the result for Q n .
Remark 2.1 For {A ′ n }, {a n }, {f n } and {S n } the corresponding congruences have been given in [JV] .
Theorem 2.2. Let {u n } be given in Theorem 2.1, and let p be an odd prime with p ∤ c and p ∤ u p . Then
. This proves the theorem.
Corollary 2.2. Let {u n } be given in Theorem 2.1, and let p be an odd prime with
Proof. Set k = n 1 + n 2 p + · · · + n s p s−1 . By Theorem 2.2 and Fermat's little theorem,
Remark 2.2 From [JV] and [MS] we know that many Apéry-like numbers satisfy the Lucas congruences.
Theorem 2.3. Let {u n } be given by (2.1). Then
Thus, if p is an odd prime, p ∤ c and u p ∈ Z p , then
Proof. Since
we see that
This yields the result.
As an example, for Legendre polynomials {P n (x)} we have
Based on calculations with Maple, we pose the following challenging conjectures: Conjecture 2.1. Let p > 3 be a prime. Then
Conjecture 2.2. Let p > 3 be a prime. Then
Conjecture 2.3. Suppose that p is an odd prime.
(i) If p ≡ 1 (mod 3) and so p = x 2 + 3y 2 with x, y ∈ Z, then
(ii) If p ≡ 1 (mod 4) and so p = x 2 + y 2 with x, y ∈ Z and 2 ∤ x, then
(iii) If p ≡ 1, 7 (mod 24) and so p = x 2 + 6y 2 with x, y ∈ Z, then
(iv) If p ≡ 5, 11 (mod 24) and so p = 2x 2 + 3y 2 with x, y ∈ Z, then
Conjecture 2.4. Suppose that p > 3 is a prime. 13, 17, 19, 23 (mod 24) , then
Remark 2.3
For conjectures on {S n } and {f n } similar to Conjectures 2.3 and 2.4 see [S10,S12] . In [A] Ahlgren proved Beukers' conjecture:
where p is an odd prime. Conjecture 2.5. Let {u n } be one of the six sequences {A ′ n }, {f n }, {S n }, {a n }, {Q n } and {W n }. Suppose that p is an odd prime with p ∤ c. Then
Conjecture 2.6. Let p > 7 be a prime.
(i) If p ≡ 1, 2, 4 (mod 7) and so p = x 2 + 7y 2 , then
(ii) If p ≡ 3, 5, 6 (mod 7), then
Conjecture 2.7. Let p > 3 be a prime.
(i) If p ≡ 1 (mod 3) and so p = x 2 + 3y 2 , then
Conjecture 2.8. Let p > 3 be a prime.
Conjecture 2.9. Let p be an odd prime. Then
Remark 2.4 Let p > 3 ba a prime. The corresponding congruences for
(mod p 2 ) were posed by Z.W. Sun. They were proved by the author in [S6] , and later proved by Kibelbek etal in [KLMSY] . In [Su1] Z.W. Sun conjectured that
In [S10] the author conjectured that
Conjecture 2.10. Let p be an odd prime. Then
Remark 2.5 Let p be a prime greater than 3. Z.W. Sun [Su2] stated the congruences for p−1 n=0 A n and p−1 n=0 (−1) n A n modulo p 2 and proved the congruences when the modulus is p. He also conjectured that
Conjecture 2.11. Let p > 3 be a prime.
Conjecture 2.12. Let p > 5 be a prime. If p ≡ 1, 17, 19, 23 (mod 30), then 17, 23 (mod 30 ) and so p = 3x 2 + 5y 2 .
If p ≡ 7, 11, 13, 29 (mod 30), then
Conjecture 2.13. Let p > 3 be a prime.
Conjecture 2.14. Let p > 3 be a prime.
) and so 2p = x 2 + 9y 2 .
(ii) If p ≡ 3 (mod 4), then (i) If p ≡ 1, 2, 4 (mod 7) and so p = x 2 + 7y 2 , then
Conjecture 2.16. Let p be an odd prime.
(i) If p ≡ 1, 3 (mod 8) and so p = x 2 + 2y 2 , then
(ii) If p ≡ 5, 7 (mod 8) and p = 5, 7, then
Conjecture 2.17. Let p be an odd prime.
Conjecture 2.18. Let p be a prime with p > 3.
(i) If p ≡ 1 (mod 4) and so p = x 2 + y 2 with 2 ∤ x,
(ii) If p ≡ 3 (mod 4), then
12 3k ≡ 121 13
Conjecture 2.19. Let p be a prime with p > 5.
(ii) If p ≡ 2 (mod 3), then
Conjecture 2.20. Let p be a prime with p = 2, 11. (i) If p ≡ 1, 3, 4, 5, 9 (mod 11) and so 4p = u 2 + 11v 2 with u, v ∈ Z, then
(ii) If p ≡ 2, 6, 7, 8, 10 (mod 11) and f = [
Conjecture 2.21. Let p be a prime with p = 2, 3, 19. 4, 5, 6, 7, 9, 11, 16, 17 (mod 19 ) and so 4p = u 2 + 19v 2 with u, v ∈ Z, then
(ii) If p ≡ 2, 3 (mod 19) and f = [ 
Conjecture 2.23. Let p > 3 be a prime. Then
Remark 2.8 Let p be a prime such that p > 3. In [S9] the author conjectured the corresponding congruences in Conjecture 2.23 modulo p 3 .
Conjecture 2.24. Let p > 3 be a prime. Then
Conjecture 2.25. Let p > 3 be a prime. Then
Remark 2.9 In [Su6] Z.W. Sun made conjectures for
, where p is an odd prime. Conjecture 2.26. Let p > 5 be a prime. Then
Conjecture 2.27. Let p be a prime with p ≡ 1 (mod 3). Then
Conjecture 2.28. Let p be a prime with p > 3. Then
Conjecture 2.29. Let p be an odd prime, n ∈ {−640320, −5280, −960, −96, −32, −15, 20, 66, 255} and n(n − 12) ≡ 0 (mod p). Then
Conjecture 2.30. Let p > 3 be a prime. Then
Remark 2.10 In [Gu] Guo proved that for any odd prime p,
Conjecture 2.31. Let p be a prime such that p > 3 and p ≡ 3, 5, 6 (mod 7). Then 
Congruences for sums involving S n
Based on the results in [S10] , in this section we deduce further congruences for the Apéry-like sequence
We first prove the p-analogue of (1.6). Theorem 3.1. Let p be an odd prime, x ∈ Z p and (1 − 8x + 32x 2 )(1 − 32x 2 ) ≡ 0 (mod p). Then
Proof. Since S 0 = 1, the result is true for x ≡ 0 (mod p). From [Ma] we know that (3.1)
Thus, the result is true for x ≡ 1 4 , 1 8 (mod p). Now assume x(1 − 4x)(1 − 8x) ≡ 0 (mod p). By [S10, Theorem 2.13],
From [S6, Theorem 4.1] we know that
Therefore, noting that p | 2k k 4k 2k for p 4 < k < p and then applying the above we obtain
By [S10, Theorem 2.6], for n ≡ 0, −16 (mod p),
n 2k (mod p).
as claimed. Theorem 3.2. Suppose that p > 3 is a prime and x ∈ Z p with x 2 + 1 ≡ 0 (mod p). Then
Proof. Since (
] , substituting x with x+1 8 in (3.2) yields
16(x 2 +1) 2 . Also, 3 2 (3t + 5) = 12 (x 2 + 1) 2 (x 4 − x 2 + 1) and 9t + 7 = 8(x 2 − 2)(2x 2 − 1) (x 2 + 1) 2 .
From the above and [S6, Lemma 2.2 and Theorem 2.1] we deduce that
This proves the theorem. Theorem 3.3. Let p be an odd prime. Then
Proof. For m = 1, 2, . . . , p − 1 we see that
Thus,
It is known that (see [S4] )
(mod p 2 ). By [Su8] ,
Observe that 4 p−1 = (2 p−1 − 1 + 1) 2 ≡ 1 + 2(2 p−1 − 1) (mod p 2 ). We then obtain (−1)
This is the result. Theorem 3.4. Suppose that p > 3 is a prime. Then
Proof. It is clear that 
From [Go, (3. 100)] we know that
.
Thus, taking n = p−1 2 and x = 1, 1 2 in (3.5) we deduce that (3.6)
Therefore,
This proves the theorem. Theorem 3.5. Suppose that p > 3 is a prime. Then
Proof. It is clear that
It is well known that
Thus, from the above we obtain
By [T1] , [Ma, (1.6 ) and Remark 1.1],
as claimed.
Congruences for {T n }
Recall that
Using Maple we know that (n + 1) 3 T n+1 = (2n + 1)(12n(n + 1) + 4)T n − 16n 3 T n−1 (n ≥ 1).
Thus {T n } is an Apéry-like sequence. The first few values of T n are shown below:
Theorem 4.1. For n = 0, 1, 2, . . . we have
2k k 2 4k 2k n+2k 4k 4 n−2k . Then T ′ 0 = 1 = T 0 and T ′ 1 = 4 = T 1 . Using sumtools in Maple we find that (n + 1) 3 T ′ n+1 = (2n + 1)(12n(n + 1) + 4)
By [S11, Theorem 2.2], for any sequence {a n },
Now setting a n = Sn (−4) n we see that
This completes the proof.
Corollary 4.1. For |x| < 1 4 we have
Proof. By Theorem 4.1 and Newton's binomial theorem,
This is the result. Theorem 4.2. Let p be an odd prime, x ∈ Z p and (4x − 1)(4x + 1) ≡ 0 (mod p). Then
Proof. By Theorem 4.1,
Replacing u with −4x yields
From [S10, Theorem 2.6] we see that
Thus the theorem is proved.
Corollary 4.2. Let p be an odd prime. Then
Proof. It is easy to verify the results for p = 3, 7. Now assume p = 3, 7. By Theorem 4.1,
combining the above with [M, Theorem 4(3) ] gives the first result. Taking 
Proof. Clearly the result holds for p = 3. Now assume p > 3. By Theorem 4.1,
By [T1] ,
Clearly,
Since 4 p−1 = (1 + pq p (2)) 2 = 1 + 2pq p (2) + p 2 q p (2) 2 we deduce that
This proves the theorem. Theorem 4.4. Let p be a prime with p = 2, 7. Then
Proof. Since p | 2k k for p 2 < k < p and
Now applying [S6, Theorems 3.3 and 3.4 ] yields the result.
Theorem 4.5. Let p be a prime with p = 2, 3, 7. Then
It is well known that (see [Go, (3.77 
By [Su1] ,
Thus the result follows. Theorem 4.6. Let p > 3 be a prime. Then
By (3.4),
It is known that (see [L] or [S1] )
By Morley's congruence, From (3.5) or [Su7] we deduce that
This proves the theorem. Theorem 4.7. Let p > 3 be a prime. Then
By [Su2, (3.5) ],
From [M] or [S4] we know that
(mod p 2 ). Thus the result follows.
Theorem 4.8. Suppose that p is an odd prime. Then
if 4 | p − 1 and so p = x 2 + y 2 with 2 ∤ x,
Obviously,
4 , then 4k + 1 = p and
By [S4] , for k = 1, 2, . . . ,
By (3.5),
This proves the result in the case p ≡ 1 (mod 4). The proof is now complete.
Congruences for sums involving W n
For any nonnegative integer n define
Then W n = W n (−3). Lemma 5.1. Let n be a nonnegative integer. Then
Proof. It is clear that This proves the lemma.
which was conjectured by Rodriguez-Villegas in 2003. Now combining the above gives the result. Corollary 5.4. Let p be a prime, p = 2, 3, 11, t ∈ Z p and 33 + 2t ≡ 0 (mod p). Then
Proof. Taking n = 66 and replacing x with t in Theorem 5.2 and then applying [S8, Theorem 4 .3] we deduce the result.
Corollary 5.5. Let p > 5 be a prime, t ∈ Z p and t ≡ −5 (mod p). Then
Proof. Taking n = 20 and replacing x with t in Theorem 5.2 and then applying [S8, Theorem 4 .4] we deduce the result.
Corollary 5.6. Let p > 7 be a prime, t ∈ Z p and 4t ≡ −255 (mod p). Then
Proof. Taking n = 255 and replacing x with t in Theorem 5.2 and then applying [S8, Theorem 4.7] we deduce the result.
Corollary 5.7. Let p > 7 be a prime, t ∈ Z p and 4t ≡ 15 (mod p). Then
Proof. Taking n = −15 and replacing x with t in Theorem 5.2 and then applying [S8, Theorem 4.7] we deduce the result.
Corollary 5.8. Let p be a prime, p = 2, 3, 11, t ∈ Z p and t ≡ 8 (mod p). Then Theorem 5.3. Suppose that p > 3 is a prime, x ∈ Z p and x(x 3 + 27)(x 3 − 216)(x 2 + 6x − 18) ≡ 0 (mod p). Then Now putting all the above together proves the theorem.
Corollary 5.13. Suppose that p > 3 is a prime, x ∈ Z p and (x + 3)(1 + 9x + 27x 2 )(1 + 9x)(1 + 27x 2 )(1 − 27x 2 ) ≡ 0 (mod p). Then 
This proves the remaining part and the proof is now complete.
